
CALCULATION OF TRANSPORT PROCESSES 
IN THE PFIRSCH-SCHLUTER REGIME IN STELLARATORS* 

V.V. NEMOV 
Institute of Physics and Technology, 
Khar'kov, Ukraine 

ABSTRACT. The paper discusses a method of calculating particle and heat fluxes (including impurity ions) in the 
Pfirsch-Schluter regime in stellarators by integrating along the magnetic field lines. A computer is used to calculate the 
diffusion fluxes through the magnetic surfaces; these are determined by numerical methods, and full account is taken of 
the influence of three-dimensional inhomogeneity in a known confining magnetic field. 

1. INTRODUCTION 

The paper examines a method for studying particle 
and heat fluxes in stellarator type traps with a known 
magnetic field distribution, operating in a regime with 
frequent particle collisions (the Pfirsch-Schluter regime). 
There have been quite a number of theoretical analyses 
of this regime for toroidal magnetic configurations 
(see, for example, Refs [l-81) where it can occur at 
sufficiently low temperature in a comparatively dense 
plasma which can be described by the equations of 
collisional hydrodynamics 191. 

In this method the particle and heat fluxes are calcu- 
lated by integrating along the magnetic field lines. Using 
numerical methods and a computer, we can calculate 
these fluxes through magnetic surfaces which are also 
determined numerically, full account being taken of the 
influence of three-dimensional inhomogeneity in the 
confining magnetic field. 

The method considered is used for calculating the 
particle and heat fluxes in a pure plasma and in an 
impure plasma with one kind of impurity ions. For an 
impure plasma these fluxes are also considered in the 
presence of particle and heat sources used to control 
the impurity flux. The already known equations and 
expressions for fluxes (see Refs [3, 7-91) are used as 
the initial ones for these calculations. To calculate the 
magnetic surface function gradient V \k, which proves 
to be an essential operation, we use the method 
described in Ref. [lo]. 

The particle flux calculations in a pure plasma are 
discussed in Section 2 .  The expressions for fluxes in 
Ref. [3] are used as the initial ones for these calcula- 
tions. Section 3 discusses the calculations of heat fluxes 

* Translated by A.S. Watson, English Translation Section, 
Division of Languages, IAEA, Vienna. 

(on the basis of the equations in Ref. [9]). Sections 4 
and 5 deal with the practical application of the method 
described in Sections 2 and 3 to calculations of impu- 
rity fluxes and impurity flux control in stellarators by 
using particle and heat sources. For these calculations 
we proceed from the same premises as the authors of 
Refs [7, 81 who carried out similar calculations for 
tokamaks. Thus, the contents of Sections 4 and 5 actu- 
ally represent an extension of the methods of Refs [7, 81 
to the complicated geometry of stellarators. 

One of the premises used in this work is the assump- 
tion that the variations of particle densities and tem- 
peratures on a magnetic surface are small in comparison 
with the magnetic field variation. For this premise to 
be true, the magnetic field is required to be sufficiently 
large (so that the particle gyroradii are sufficiently 
small). Under the condition of large ratios of masses 
and charges of the impurity ions to those of the main 
ions (mI/m, >> 1, e,/e, 9 1) we may also need the con- 
dition n,e:/n,e,2 < 1 to be fulfilled. Otherwise, it would 
be necessary to take into account variations of the elec- 
tric potential on a magnetic surface [l 13 (this variation 
is neglected in our consideration). 

The method discussed is illustrated in Section 6 by 
calculations for an L' = 2 torsatron (for low plasma 
pressure). Section 7 discusses some other problems 
connected with the use of this calculation method. 

The results show that the main difference between 
our calculated fluxes and the corresponding results for 
tokamaks with circular surfaces or for the classical 
stellarator is determined by the ratio 0.5 t2yll/yl. ( t  is 
the rotational transform and yII and yL are factors deter- 
mined by the magnetic field geometry). This ratio is 
often greater than unity for the real magnetic field geo- 
metry of stellarators (0.5 t2yI I /yL = 1 for the classical 
stellarator or for tokamaks with circular magnetic sur- 
faces). The calculations have also shown that the particle 
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and heat source capacity necessary for impurity flow 
reversal at the optimal distribution (corresponding to a 
minimal required source capacity) of the source densi- 
ties on a magnetic surface may be higher in stellarators 
than in tokamaks [8] (in the example given in Section 6, 
this capacity is two to three times greater than that in 
the tokamak case). 

the layer between two neighbouring magnetic surfaces 
in expressions (2.1) and (2.2), also to use an approach 
which leaves open the possibility of integration along 
the magnetic field lines. Let us consider the integral of 
some quantity U over the volume of the layer between 
neighbouring magnetic surfaces: J = - i  d\k U6V (2.7) 

Since the area of the magnetic surface F can be 
represented as 

2.  CALCULATION OF PARTICLE FLUXES 

Particle losses in a complex magnetic field geometry 
can be expressed through the equilibrium currents arising 
in the plasma [ 1 ,  31. We examine a case where the total 
longitudinal current in the trap is zero. In this case the 
particle fluxes through a closed magnetic surface are 
generally determined by the following expressions [3] : 

(d\k// V \k I is the distance between neighbouring sur- 
faces), we obtain from expressions (2.7) and (2.8) : 

or 

[ (. - + lv\kl)  6V = 0 

where j l l  and j , are the longitudinal and transverse 
plasma equilibrium current densities, 011 and ul are the 
longitudinal and transverse electrical conductivities and 
d?is the directional element of the magnetic surface. 
Expression (2.1) defines a particle flux governed by 
drift movement of the plasma (Pfirsch-Schliiter diffu- 
sion). Expression (2.2) defines the ‘classical’ diffusional 
particle flux across the magnetic field (without thermal 
diffusion). The integration on the right-hand side of 
expressions (2.1) and (2.2) is performed over the 
volume of the layer between neighbouring magnetic 
surfaces with a pressure drop dp between them. 

The equilibrium currents in expressions (2.1) and 
(2.2) are determined with the help of the MHD 
equilibrium equations (Refs [ l ,  3, 51): 

Expression (2.9) can be viewed as the condition for 
uniqueness of the solution of the following magnetic 
differential equation [I ,  51 (subsequently, we look at 
magnetic surfaces formed by field lines which are not 
closed): 

J 
F 

5 . v g  = U - - Iv\kl (2.10) 

Thus, instead of using expression (2.7) to calculate J, 
we may employ the procedure of J determination 
leading to g as a single valued position function. 

form 
The function for g may be conveniently given in the 

(2.11) g = f - -  J 
F f3 

where f and f3 are determined by the equations - 
B - V f  = U (2.12) 

f i .  Vf3 = Iv\kl (2.13) 

The solutions of these equations are expressed as 
integrals along the magnetic field line: 

dp [SX V\k] 
d 9  B2 

j, = c -  

[ G x  VB] .V\k  
B3 

s = -2 

(2.14) dP 
B where \k is the magnetic surface function (fi * V% = 0) 

and 5 is the magnetic field. 
Since integration along the magnetic field lines [lo] 

will be used later to calculate v\k and h, it is con- 
venient, in calculating the integrals over the volume of 

(2.15) 

Here, we can assume that f(0) = f3(0) = 0. 
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Since g must be a finite quantity, it follows from 
expression (2.11) that the relationship 

(2.16) J 
F 

must hold for P,,, - CO, where &, is the upper boundary 
of the integration interval (f and f3 increase infinitely 
for P,,, - CO). Thus, by integrating Eqs (2.12) and 
(2.13) over a sufficiently large interval, we can deter- 
mine J/F with Eq. (2.16). Since, now, P,,, # 03 ,  the 
value obtained for J/F will be approximate. This value 
can be refined and made more accurate, however, by 
successive small trial changes performed in such a way 
that expression (2.11) - in which calculated distribu- 
tions are used for f and f3 on the magnetic surface - 
yields a unique distribution for g. 

a system of ordinary differential equations which is 
equivalent to Eqs (2.12) and (2.13): 

di?dr = (2.17) 

dfldr = U (2.18) 

df3/dr = lv\kl (2.19) 

where r is a parameter defining the integration variable. 
Instead of using expression (2.16) to determine J,  we 
must use here the following expression: 

- = f(P,,,)/f,(&) 

In the calculations it is convenient to make use of 

(2.20) 

with r, - 03 ,  where 7, is the upper boundary of the 
integration interval for r .  

and (2.2) can be rewritten in the form 
In the light of Eqs (2.3) and (2.4), expressions (2.1) 

(2.21) 

Here we have intr - duced terms for the average density 
of the particle fluxes normal to the magnetic surface: 

rll = 1 n ?di?,,*d?/F 

(2.23) 

as well as a mean value for the magnetic field Bo. The 
values of n, uII and uI are assumed to be constant on 
the magnetic surface. 

To calculate the integrals in expression (2.22), we 
will substitute for the quantity U in expressions (2.7), 
(2.12), (2.14) and (2.18) first U = (hBBo)’ and then 
U = (BoV\k/B)2. We then obtain from expressions 
(2.22) and (2.20) 

(2.24) 

(2.25) 

for r, - 03 ,  where f3 satisfies Eq. (2.19), and fl and 
f2 satisfy the following equations: 

df1id.r = (hBBo)’ (2.26) 

df2/dr = (BoV\k/B)* (2.27) 

(fl(0) = f2(0) = f3(0) = 0) 

According to expression (2.11), for the values of yll 
and y l  thus obtained we have 

f l l  = f l  - %If3 

f, = f2 - Y l f 3  

(2.28) 

which are unique position functions. To solve the 
problem of calculating 711 and y i, the system of 
equations (2.17), (2.19), (2.26) and (2.27) must be 
supplemented by Eq. (7) from Ref. [lo] and by 

dhldr = S (2.29) 

(see Eq. (2.6) of this paper and Eq. (14) of Ref. [lo]), 
which define the distributions of V\k and h along the 
magnetic field line. 

This method of calculating expression (2.1) has so 
far not been linked in any way with the zero total 
longitudinal current condition [ 1, 31 

hB26V = 0 (2.30) 

which can be regarded as a condition for uniqueness of 
the solution of the magnetic differential equation 

G . V x  = hB2 (2.31) 

Let us see what results we obtain if this condition is 
taken into account. We represent h in the form 

h = ho + h, 

where 
and h, is a partial solution of Eq. (2.29) for h(0) = 0. 

I 

(2.32) 

is the value of h at the start of integration 
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From expressions (2.31) and (2.32) it follows that x can 
be represented in the form 

x = x1 + h o x 2  

where x1 and x2 are defined by 

dXlldr = h,B2 (2.34) 

dx21dr = B2 (2.35) 

where xl(0) = x2(0) = 0. 
By analogy with expressions (2.24) and (2.25), the 

value of ho corresponding to zero total longitudinal 
current can be defined as 

ho = -XI (rdlx.2 (7,) (2.36) 

for r, - CO. Here, as in the determination of yll and 
yL, we may need to adjust the ho thus obtained in such 
a way as to make the distribution in expression (2.33) 
unambiguous (since r, # CO). 

In the light of expression (2.32), the function f l  can 
be written in the form 

fl = f, + 2hoBaxl + h:Bix2 

where f, is defined by 

dfsldr = (h,BBo)2 f,(O) = 0 (2.38) 

which must now be used instead of expression (2.26). 
Thus, when condition (2.30) is fulfilled, it is con- 

venient to use, for calculating 711 and yL, a system of 
equations which includes Eqs (6) and (7) from Ref. [lo], 
Eqs (2.19), (2.27) and (2.29) (for h(0) = 0, Eq. (2.29) 
defines the distribution of hJ, and Eqs (2.34), (2.35) 
and (2.38). Having determined the distributions of f2, 
f3, f,, x1 and x2 with the help of this system of equa- 
tions, we can use Eq. (2.36) to find the value of ho 
corresponding to zero longitudinal current; then, 
expression (2.37) can be used to determine the distri- 
bution of fl from the distributions of f,, x1 and x 2 ;  
and, finally, y11 and yI can be found with expressions 
(2.24) and (2.25). 

(2.33) 

(2.37) 

3. CALCULATION OF HEAT FLUXES 

Heat fluxes in collisional plasmas confined in toroidal 
traps have been studied in Ref. [4] (see also Ref. [5]). 
As demonstrated in these papers, the rise of the heat 
fluxes in a complex magnetic field geometry is 
governed by the drift heat flux across the magnetic 
surface and is related to the temperature variation on a 
magnetic surface. It follows [4, 51 that the expression 
for the plasma equilibrium current can be used to cal- 
culate heat fluxes as well as the particle flux. Let us 

examine how the results obtained in Section 2 can be 
applied to heat flux calculations. 

surface due to drift flux can be calculated using the 
component q; of the total heat flux [9]: 

The additional heat flux through the closed magnetic 

[g X VT,] 
5c n, T, 
2e, B 

= (3.1) 

where CY is an index showing the particle type (CY = i for 
ions and CY = e for electrons). Using the relationship 
between the directional element of the magnetic surface 
and the volume element 6V between neighbouring 
magnetic surfaces [ 1, 31, 

we obtain the heat flux through a closed magnetic 
surface, 

or 

(here we have allowed for the fact that div I*= 0, and 
that the flux through the closed magnetic surface from 
TEjis equal to zero). To calculate % * VT, we shall 
make use of the heat transport equation (see Ref. [9]) 

3 
- n,Ya*VT, + p, div 7, = -div (GI; + Si;) 
2 

in which -9; is defined by expression (3.1), and in 
which we disregard the time derivatives of the density 
n, and the temperature T,, the heat production due to 
viscosity and collisions between particles of different 
types, and the transverse heat flux 

(3.4) 

= - K F V ~ T ,  (3.5) 
where 

nu T, m,c2 
r,eEB2 

K q  = 7; 

Heat exchange between particles of different types is 
also disregarded in expression (3.4); this is possible 
when particle collisions are fairly infrequent (and yet 
where collisional hydrodynamics is still applicable), 

Since in a strong magnetic field 

(3.6) 
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we obtain from expression (3.4) 

c -> -* 
+- 

B2 

(3.7) 
3 
2 

+ - n,Tl;.VT, -T,v',p.Vn, = 0 

With a small ratio of gas kinetic plasma pressure to 
magnetic pressure and a fairly low longitudinal particle 
velocity, the last four terms in the left-hand part of 
Eq. (3.7) can be omitted. We shall also consider the 
case where the variations of n, and T, on a magnetic 
surface are less than the variation of B. We can then 
also omit terms containing [Ii x E] in expression (3.71, 
as a result of which we obtain 

(3.8) V (q:/B) - (q:. VB2)/B2 = 0 

From expression (3.8) it follows that 

(3.9) 

where h is defined by Eq. (2.5). Furthermore, we 
assume that the condition in expression (2.30) is 
fulfilled for the solution of equation (3.8). Since 
Tis proportional to h g  + [g X V9] /B2  and, as we 
can see from expressions (3.1) and (3.9), the sum 
qI; + $: is also proportional to this quantity, the con- 
dition in expression (2.30) when applied to Eq. (3.8) 
corresponds to a situation where the total longitudinal 
heat flux between neighbouring magnetic surfaces is 
equal to zero. 

For ions and electrons, qlr is determined by the 
following expressions [9] : 

(3.10) 

(3.11) 

where K ;  = Y:naTar,/ma (7; = 3.906, for single 
ionization 78 = 3.16, Po = 0.71). If we introduce the 
notation 

(qir)  = q*,di'/F (3.12) 

then, with the help of expressions (3.9) to (3.11), we 
obtain from Eqs (3.3) the following expression: 

i 
YII  sign (g) (3.13) 

(q:,) = - 1 (-) 5cneTe ($ - 
K;; 2eeBo 

where yll is determined by expression (2.22). 

magnetic surface, we obtain 
Averaging (see expression (3.5)) over the 

(3.14) 

(3.15) 

where Y~ is defined by expression (2.22). 
Thus, having calculated yll and yL by the method 

analysed in Section 2, we can calculate from Eqs (3.13) 
to (3.15) the heat fluxes through a closed magnetic 
surface. Note that for calculating heat fluxes in toroidal 
geometry the equation div (Cl: + q;) = 0 is often used 
(i.e. Eq. (3.4) with the left-hand side equal to 0). The 
fact that we have included the left-hand side of Eq. (3.4) 
in our calculations enables us to evaluate accurately the 
simplifications used to derive Eq. (3.8) from Eq. (3.7). 

4. CALCULATION OF 
IMPURITY FLUXES IN STELLARATORS 

In this section we discuss calculations of the impurity 
behaviour in the main plasma in complex magnetic con- 
figurations with three-dimensional magnetic field geo- 
metry. We use the same basic premises as Rutherford 
[7], who studied the behaviour of impurities in a toka- 
mak. In the first place, we look at a hydrogen plasma 
containing one type of impurity ion where the mass of 
the impurity ion is high (by comparison with the proton 
mass) and where the problem of proton transport due 
to proton-impurity collisions is similar to the problem 
of electron transport due to electron-ion collisions. In 
the second place, we assume that the impurity ion den- 
sity is high enough so that ion-impurity collisions play 
a decisive role in Ri and ion-electron collisions can be 
ignored (E, is the damping force on the main ions). 

Let us look at the force balance equation for particles 
of type Q (a = i for the main ions and CY = I for the 
impurity ions) [7, 91: 

L 

(4.1) 
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Multiplying expression (4.1) by J: we arrive at the 
following expression for the flux of a-type particles 
through a closed magnetic surface: 

Since div r= 0, the integral from J: Vp, vanishes 
according to the Gauss theorem. It is convenient to 
eliminate the electric field 5 with the aid of the force 
balance equation for electrons, 

v p ,  = neee E + - [?e x GI + li, 
( c  l )  

where ce is the total damping force on the electrons 
from main and impurity ions. We thus obtain 

In the latter expression, in accordance with our initial 
premises, the quantity (e,n,/e,n,) E, can be disregarded 
by comparison with 5, in the integration. Furthermore, 
the integral from (n,/ne)j: Vp, can be omitted, as will 
be shown later in this section. If we also disregard the 
electron flux through the closed magnetic surface by 
comparison with the flux of main and impurity ions, 
we finally arrive at the expression 

According to Refs [7, 91, 

RI, = - c ~ m l n , ~ l l / r l I  - c2n,VIIT, (4.3) 

where U" = 7, - ?I and rlI = 3 &, TB"I4 6 
x n,efe; In A.  We also need an expression for the 
heat flux: 

ni Ti ri I 
q;, = c2niTiull - c3 - V liTi 
.-*' -t 

mi 
(4.4) 

The coefficients c1, c2 and c3 are dependent on the 
equivalent charge number Z = nIZ;/(n,Z?)), values for 
which are given in Ref. [7] (see also Ref. [9]). 

From expression (3.6) it follows that 

(4.5) 

Using expression (4.5) and the continuity equation 

div (nu?,) = 0 (4.6) 

we obtain, after making simplifications similar to those 
employed in the derivation of Eq. (3.8) the following 
expression: 

B .  v (U,,/B) - U",. V B * / B ~  = o (4.7) 

From Eq. (4.7) it follows that 

B (4.8) 

where h is defined by Eq. (2 .5) .  The condition in 
Eq. (2.30) corresponds in this case to zero total longi- 
tudinal flux of the vector U" between two neighbouring 
magnetic surfaces (like j: the quantity U" = U", + U",, is 
proportional to hB + [B x V'k]/B2). 

The calculation of q;, is exactly the same as the 
analogous calculation in Section 3 (see expression (3.9)). 
Using expressions (4.8) and (3.9), we obtain from 
expression (4.4) 

Substitution of expressions (4.8) and (4.9) into 
Eq. (4.3) and then into Eq. (4.2) gives us 

(4.9) 

(4.10) 

ei BO 
(4 = - mi c 

Substituting expression (4.9) into Eq. (3.3), we like- 
wise obtain the heat flux density for the main ions 
(see expression (3.12)): 

(4.11) 
L - 

Since RI = -RI, we obtain from expression (4.2) for 
the impurity flux 

r;, = -I-;, e,/eI (4.12) 

where F;, is defined by expression (4.10). The heat 
flux in the impurity component is determined by the 
expression 
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where K ; ~  = 3.9 nITITI/mI. Expression (4.13) is derived 
in the same way as expression (3.13). As regards 
expression (4.13), we have to take into account that 
the collision time T~ can be determined both by the 
collisions of impurity ions between themselves (with 
the collision time T , ~ )  

rII = 3 GI T:I2/4 6 n1e; In A 

and by the collisions of impurity ions with the main 
plasma ions (with the collision time T ~ ~ ) .  From the 
results of Ref. [12], T ~ ,  can be estimated (for TI = TI) 
as 

(4.14) 

" I  

Expression (4.13) is correct if 

In this case, TIi > TII and 

But if 

I 

(4.15) 

(4.16) 

then T ~ ,  < qI and 

71 = 711 (4.17) 

In this case, the expressions qil = - K : ~ V I I T ~  and (4.13) 
can be used only for estimating q', and (q;,) (in view 
of Eq. (4.15)). 

To estimate the validity conditions of the results 
obtained, it is necessary to find the variations of the 
electric potential, n, and T, on a magnetic surface 
(+,-ii, and T,, respectively). Taking the parallel 
to B components of Eq. (4.1) and using the quasi- 
neutrality condition nIeI + n,e, + neee = 0, we 
can express B. Vn, and G-E = -B. V 9 through 
G VT, and E;,. Then we make use of the equation 
Z:l = - K : ~ V I I T ~  and of expressions (3.9) and (4.9) 
and take into account Eq. (2.31). This enables us to 
express T,, ii, and 9 in terms of x and to find that 
the ratio TJT1 proves to be small in comparison with 
BIB - r/R, if the condition 

+ 

(4.18) 

is fulfilled. Here, R is the major radius of the torus, p i  
and Xi are the gyroradius and the mean free path of the 
main ions, T~~ is the time of the collisions of the main 
ions between themselves ( T ~ ~  - C ~ T ~ ~ ) ,  r is the distance 
from the magnetic axis (of the order of the gradient 
scale length) and vm is the amplitude of the q variation. 
The variables q and x are related as 

(4.19) 

(for the classical stellarator and the tokamak with 
circular magnetic surfaces, qm = 1). 

Condition (4.18) can be fulfilled in a sufficiently 
strong magnetic field (so that p ,  should be sufficiently 
small and w, should be sufficiently high). However, the 
condition corresponding to the requirement e, +/T, I B/B 
may be more severe than condition (4.18) if mI/m, 9 1 
and eI/e, % 1. It has the form 

--%=---- c3 2 R 2  c3 2 R 2  PI Vm 1 
p r2t2 w1rI p r2t2 XI (4.20) 

where wI, pI and XI are the gyrofrequency, the gyro- 
radius and the mean free path for impurity ions, and 

c3 - min [ 1, $1 
p - max 11, 

-. 
Now we can verify that the term 1 6V (n,/n,) j * Vp, 

can be neglected in the derivation of Eq. (4.2). Since 
V Q  = 0, the non-zero contribution to this term can 

be obtained only f r o a h e  expression .( 6V ( n x , )  Vp,. 
The variations of (n,/ne) and pe on a magnetic surface 
are determined by the x variation only. Therefore, the 
last expression can be presented as 

But this integral vanishes according to the Gauss 
theorem. 

Note that the equation of continuity and the energy 
equation with div ?l' = 0 have been considered in 
Ref. [ 131, where they were solved by using the magnetic 
flux co-ordinates in the magnetic field with an axial 
symmetry. The present calculations are performed in 
a given magnetic field with a three-dimensional geo- 
metry. The introduction of magnetic co-ordinates for 
such a field is a very difficult task. Therefore, we 
solve here the mentioned equations in a straightforward 
manner, using directly the magnetic field distribution 
and applying the method of calculating V Q  reported 
in Ref. [lo]. 
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5. CALCULATIONS FOR 
IMPURITY FLUX CONTROL 

Let us now consider the diffusion and the thermal 
conductivity of the plasma and impurities in the presence 
of the particle and heat sources used to control the 
impurity flux. Using the same premises as Burrell [SI, 
who investigated this problem for a tokamak, we take 
into account the three-dimensional magnetic field 
geometry in stellarators. 

As in Ref. [SI, we consider an ion source with an 
isotropic particle velocity distribution. In contrast to 
expressions (4.6) and (3.4), the continuity and heat 
balance equations now take the following form: 

div (n,?,) = N, (5.1) 

3 n,?,. VT, + p, div Fa = -div (TI? + ij':) + Q, 

(5.2) 
where N, and Q, are the particle and heat source 
densities. If we further assume that NI = 0, then from 
expression (5.1) (for cy = i and cy = I) we have 

(5.3) G. v (U~,/B) = (zL - V B ~ ) / B *  + Nl/nl 

Transforming Eq. (5.2) in the same way in which 
Eq. (3.4) was transformed to derive expressions (3.7) 
and (3.8), we arrive at the following equation: 

5 . V  (qf/B) = (q:*VB2)/B2 + Q, - TON, (5.4) 

Following the premises of Ref. [8], we assume that 
integration over the volume between neighbouring 
magnetic surfaces yields 

NI 6V = 0 (5.5) 

Q,6V = 0 (5.6) 

i s 
1 
1 

Disregarding the change in n, and TI on a magnetic 
surface by comparison with the change in NI, we 
obtain from expression (5.5) 

(Nl/nl) 6~ = o 
(5.7) 

TIN, 6V = 0 

These equalities, together with expression (5,6), coin- 
cide with the condition for uniqueness of the solution 
to Eqs (5.3) and (5.4). 

can be written in the form 
In the light of expression (2.6), Eqs (5.3) and (5.4) 

(5.8) 

aTa S + Q, - T,N, 5c n,T, Gav (qf/B) = 
2e, 8 9  

(5.9) 

The solutions of these equations can be written as 
follows: 

(5.11) 

where h satisfies Eq. (2.5), with the condition given in 
expression (2.30), and and qi2 are determined by 

B'. v ( U ~ , ~ / B )  = &Ini (5.12) 

Gev (qi2/B) = Q, - TUNa 
Let us consider a flux of the main ions through a 

closed magnetic surface. Using expressions (5.10) and 
(5.11) (a = i), we obtain from expressions (4.4) and 
(4.3) the following: 

(5.13) 

(5.15) 

where ( V  IITi)l and E;, are - defined by the expressions 
for VIITi  (see (4.9)) and R i  in Section 4, 

Next, we substitute expression (5.15) into expres- 
sion (4.2) and, taking into account expressions (2 -22) 
and (2.23), we obtain 

(5.16) 

where Fil  is defined by expression (4.10) for I'll. The 
integration in the second term on the right-hand side of 
expression (5.16) can be performed for specific values 
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of Ni and Q, after Eqs (5.12) and (5.13) have been 
solved. Let us now look at the distribution law for NI 
and Qi, which is governed by the following expres- 
sions (from Eqs (5 .8)  and (5.9) it follows that a law 
of this kind is most effective for controlling diffusion 
fluxes): 

Qi = SRBoaT/2 

Ni = SRBoan/2 
(5.17) 

where aT and a, are constants on a magnetic surface 
and R is the major radius of the torus. When expres- 
sions (5.17) have been substituted in Eqs (5.12) and 
(5.13), their solutions can be written in the form 

& = 0.5 RBoa, hG/ni (5.18) 

(5.19) = 0.5RBo (aT - Tia,)h% 

Substituting expressions (5.18) and (5.19) into 
expressions (5.14)-(5,16), we obtain 

VIIT, = (VIlTJl + ~ [ c2an - (? 
2c3 nlTl1 

~ i ;  =  it, - e [ (cl + 2) a, 
2 7.11 

- 5 (: - an)] h g  
c3 

r;, = rtl + cmlR [ (c, + 2) a, 

- 5 (: - a,)] y sign (s) 2e1 Bo 711 

c3 

an )] hG 

(5.20) 

(5.21) 

(5.22) 

The impurity flux riI can be determined with the help 
of expression (4.12), in which r;, is determined by 
expression (5.16) or (5.22). 

If we use a tokamak magnetic field with circular 
magnetic surfaces [7, 81 and assume Q = r, then 
Eq. (2.5) can be solved analytically. Employing the 
expression we have found for h: 

cos 9 2B r 
B2Bo R 

h =C- 

to determine yII and yL, we find that the flux 
expressions from Section 4 are transformed into 
the corresponding expressions from Ref. [7]: 

2 

YII  = 2 (2) and y L  = 1 

Moreover, that part of the fluxes in this section which 
is determined by the pressure and temperature gradients 

is likewise transformed into the corresponding expres- 
sions from Ref. [8]. The portion of particle flux which 
is governed by the particle and heat sources turns out 
to be slightly different from the results given in Ref. [8], 
According to our results, the injection efficiency for the 
main ions is higher by (c, + c:/c3 + c2/c3)/(cI + c;/c3) 
than the results of Ref. [8] indicate. This difference 
may be due to the fact that we took the left-hand side 
of Eq. (5.2) into account in our calculations, which 
was not done in Ref. [8]. It should be noted that, for 
this type of magnetic field (a tokamak field), the 

SRBo is a sinusoid. Thus, a source distribution as 
given in expression (5.17) corresponds in the case 
of a tokamak to a sinusoidal distribution over the 
angle 0; according to Ref. [8], this is the most 
effective distribution. 

6. CALCULATION OF 
DIFFUSION FLUXES IN A TORSATRON 

In this section, we give an example of the calcula- 
tion of yll and yI for the magnetic configuration in an 
$ = 2 torsatron; this type of configuration was examined 
in Ref. [14] for (Y = -1 (R = 170 cm, ro = 44.5 cm, 
m = 8; R and ro are the major and minor radii of the 
helical winding, m is the number of periods of the 
helical field over the length of the torus and (Y is the 
modulation coefficient for the winding angle of the 
helical conductors). The calculations were performed 
on a computer in cylindrical co-ordinates p ,  p, z 
(the z axis coincides with the main axis of the torus). 
The co-ordinate p (d/d7 = (B,/p) (dldp)) was used as 
the integration variable in the system of equations 
discussed in Section 2. In this case, the whole system 
of equations required for the calculation comprises 
Eqs (15) and (16) from Ref. [lo] (which defines the 
co-ordinates of the magnetic field lines and the distri- 
bution of V Q along these lines), supplemented by the 
following equations: 

-- dhs - -2p [G x VB] VQ/B,B3 (hs(0) = 0) (6.1) 
d 9  
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2 

1.5 

8.68 

8.8 

* = p ~ 2 / ~ ,  (x2(0) = 0)  (6.6) 
dcp 

With the help of expressions (2.33) and (2.37), fl and 
x are determined from f,, x1 and x 2 .  We have consid- 
ered the case of small p (0 is the ratio of gas kinetic 
pressure to magnetic pressure), which explains why a 
torsatron vacuum magnetic field was used in the above 
system of equations. The method of calculating this 
field and the set of initial premises used in the calcula- 
tion of V 9  were the same as in Ref. [14]. The value 
of 

Calculation results are given for a series of magnetic 
surfaces in Table I, where the ratio yII /y characterizes 
the relationship 

was determined by expression (2.36). 

0.895 

1.311 

1.455 

1.412 

(for a tokamak with circular magnetic surfaces, the 
theoretical value of ylI/yL is 2/t2). The values of t 
given in the table and the co-ordinates of the starting 
point for integration, x,, are the same as the cor- 
responding values in Table I of Ref. [14]. The 
magnetic surface cross-sections in the starting plane 
are rather like vertically elongated ellipses in shape, 
and the position of the magnetic axis is determined by 
the value x = xgax = -5 cm (see Figs l(b) and (c) in 
Ref. [14]). 

From Table I we can see that the value of t2yll /yi  
is significantly higher than the theoretical value of this 
quantity for a tokamak. However, the ratio yll /yL for 
non-resonant surfaces is relatively small (between 2.3 
and 3.3). The table also gives a calculated result for the 
resonant surface (xg = 8.68 cm, t 2: 16/11 2: 1.455). 
The ratio yil/y, for this surface proved to be signifi- 
cantly larger than that for non-resonant surfaces. This 
can be explained by the rise in the Pfirsch-Schluter 
current for a surface of this kind. 

TABLE I. CALCULATION RESULTS FOR 
VARIOUS MAGNETIC SURFACES 

2.6 

4.25 
- 

5 

3.25 

2.47 

9 

1 2.32 

I I I I I 
0 100 200 300 400 500 

mcp 
2n 
- 

FIG. 1. Change in fi/& (curve I )  and lq2/f3 (curve 2) along the 
magnetic field line for a magnetic island with xo = 8.68 cm. 

SRBo 

t 
FIG. 2. Distribution of SRB, over a series of magnetic surface 
cross-sections, xu = 7.5 cm: ( I )  Q = 0, (2) p = 0.5 d m ,  
(3) p = r/m. 

Figure 1 shows graphically the change in the fl/f3 
and 10f2/f3 ratios along the magnetic field line for a 
magnetic island where xo = 8.68 cm over an integra- 
tion interval comprising 500 helical field periods. This 
figure illustrates the determination of 711 and yL (see 
expressions (2.24) and (2.25)). It can be clearly seen 
how fl/f3 and f2/f3, oscillating with decreasing ampli- 
tude, approach the corresponding values of yIl  and y,. 
It should be noted that for non-resonant magnetic 
surfaces, values of fl/f3 and f2/f3 close to ylI  and yL 
are established over a shorter integration interval 
(150-200 helical field periods). Once yll  and y L  
have been determined, the particle and heat fluxes 
can be calculated with the relevant expressions from 
Sections 3, 4 and 5. 

As an example, the graphs in Fig. 2 show the 
distribution of SRBo over a number of cp = const 
cross-sections for a magnetic surface with x, = 7.5 cm, 
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t = 1.3 1 1 characterizing the optimum distribution pattern 
over this surface of particle and heat sources that can 
be used to control the impurity flux (i.e. a pattern with 
minimal source strength - see expression (5.17) - 
where w is an angle measured around the centre of the 
relevant cross-section from the direction normal to the 
circular axis of the torus). For comparison, it should 
be remembered that in a tokamak the optimum distri- 
bution of SRBo is a sinusoid with an amplitude of 2.  

Let us compare the efficiencies of using the particle 
and heat sources for impurity flow reversal, estimated 
in our example and in Ref. [8] for tokamaks. Using ano 
and aTo to denote a, and aT corresponding to setting r;, 
in Eq. (5.22) to be zero (ano and aTO can be directly 
expressed through dp,/d\k and dT,/d\E), we obtain, 
after substituting ano and aTo in Eq. (5.17), 

where ZTo = aTO I v9/ and ino = ano I v9/. As it follows 
from Eq. (5.22), ZTo and Zno can be directly expressed 
through 1-1 and (1-1, mI and Iv\kl are 
the gradients of p a ,  T, and \E averaged over a magnetic 
surface). 

in the example considered would 
have the same values as in tokamaks [8], then the values 
of ZTo and ano will also be the same in the two cases. 
Under these conditions, the correlation between the 
source densities required to invert the impurity flow 
according to our calculations and the analogous densi- 
ties in the tokamak is determined by 0.5 SRBo//v\EI.  
The amplitude of this function for the tokamak equals 
unity. For our calculations, this amplitude can be 
determined from Fig. 2 (Iv\kl = 1 for the surface 
x, = 7.5 cm, as follows from Ref. [14]). It is evident 
from the graphs that the capacity of the sources required 
for impurity flow reversal is approximately two to 
three times greater in our example than in the tokamak 
case [8]. 

It also follows from the graphs of Fig. 2 that the 
optimal source density distribution is rather compli- 
cated. Note that for other magnetic configurations of 
stellarators the estimates may be more favourable. 

If 1-1 and 

7. DISCUSSION 

Equation (2.5) is generally used to calculate the 
Pfirsch-Schluter current in a toroidal magnetic field, 
but from the above analysis it is clear that it could 
have a wider range of application. In particular, the 

equations for longitudinal heat fluxes and for the 
longitudinal component of the relative particle velocity 
for particles of different types (equations which define 
the particle and heat fluxes through closed magnetic 
surfaces) reduce to this equation. 

that 
From expressions (2.1), (2.2) and (2.21) it follows 

(7.1) 

Expression (7.1) for y I I /y I  is similar to an equation 
for one of the optimization parameters for stellarator 
systems [15], which is defined as the ratio of the 
squares of the longitudinal and transverse equilibrium 
currents averaged over the magnetic surface. There- 
fore, the ratio yI1/yL can also be recommended as an 
optimization parameter for stellarators. However, it 
must be borne in mind that, in contrast to the above 
mentioned parameter from Ref. [15], j f  and j: in 
expression (7.1) are not averaged over the magnetic 
surface but over the volume of the layer between two 
infinitely close surfaces. 

After the mean particle and heat flux densities have 
been determined, the total particle and heat fluxes 
through a closed magnetic surface can be calculated if 
we know the area of the surface F.  Using all possibili- 
ties of integration along the magnetic field lines, we 
can calculate this area with the following expression: 

(7.2) 

for 7, - m,  where f3 is defined by expression (2.13) 
or (2.19). The derivative of the longitudinal flux 
d9/d\k in expression (7.2) can be calculated from the 
formula: 

-. - + -> -. where FN0 = rN - ro; rOM = ro - r,; and 6, Fh and FN 
are radius vectors of points in the initial meridional plane 
which show where the magnetic field line intersects the 
initial meridional plane and the meridional planes with 
cp  = const after M and N periods of the magnetic field. 
The values of N and M (M < N) are selected in such 
a way that the points FN and 7, are as close as possible 
to the starting point 6 and on different sides of it. The 
values of E and V\k are selected for the starting point, 
and the value of N is selected in such a way as to 
ensure that the distances IFNol and /%,I are sufficiently 
small. The derivation of expressions (7.2) and (7.3) is 
given in the Annex. 

As an example, let us take the result of a calcula- 
tion, performed with expressions (7.2) and (7.3), of 
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the area of a surface corresponding to 
Table I): F = 7.62 x lo4 cm* (M = 161, N = 170, 
zM = 0.342 cm, zN = -0.298 cm, IV\EI = 1, 
[6 X V\E], = 0, [6 x V\k], = 0.1105 JIC, 2nf3/p - 6.5 x lo3 CIJ, where J is the helical winding 
current). An evaluation of the area using the mean 
radius of the magnetic surface (determined from the 
graphs of the magnetic surface cross-sections in 
Ref. [14]) yielded a value of 7.5 X lo4 cm2. 

If we combine the calculation of the magnetic surface 
area F and expression (2.16) or (2.20), apart from 
investigating diffusion fluxes we can also calculate the 
various integrals over the volume of the layer between 
neighbouring magnetic surfaces. As an example of this 
type of calculation, let us take the formula for the mean 
(with respect to p) vertical magnetic field B, in a torsa- 
tron excited by a plasma current (see expressions (2.3) 
and (2.4)) flowing in the layer between neighbouring 
magnetic surfaces. From expression (2.20) it follows 
that 

= 2 cm (see 

B, = F fb (7m)/f3 (7,) (7, -+ 03) (7.4) 

where fb is defined by Eq. (2.18) for 

= dp (h [g  x ?'Iz + [[G x v\E] x n,/B2) H 

Here, dp is the pressure drop between neighbouring 
magnetic surfaces and H is defined as follows: 

(7.5) 

Ra - bp H =  

a = R2 + p z  + (z - z,)' 

b = 2 p R  

K 2  = 4 PR 
(R + p)' + (Z - 2,)' (7.7) 

where R and z, are the co-ordinates of the point at 
which B, is determined, E and K are total elliptical 
integrals, and p and z are defined by the magnetic 
field line equation in (2.17). Expression (7.5) can be 
obtained by comparing expression (2.7) and the 
expression for B, generated by the Biot-Savart law 
(after averaging with respect to c p ) :  

(7.8) 

It should be borne in mind that the result of a calcula- 
tion of this type is correct only if the ring of radius R 
lying in the plane z = z, does not intersect the magnetic 
surface and is either entirely inside or entirely outside 

it. Expression (7.4) can be used to evaluate magnetic 
field perturbations in a torsatron due to the plasma 
equilibrium current. 

Finally, in connection with the problems that have 
been examined in this paper, we would draw the reader's 
attention to Refs [ 16-21] which analyse certain features 
of Pfirsch-Schluter diffusion in toroidal traps in the 
presence of a helical magnetic field at fairly small 
distances from the magnetic axis, including the possi- 
bility of impurity flux reversal by local particle and 
heat sources. In contrast to these papers, the method 
examined here enables us to perform investigations at 
any distance from the magnetix axis. 

8. CONCLUSIONS 

The main difficulties with analysing the Pfirsch- 
Schluter regime in stellarators are related with the need 
to take into account the influence of the real magnetic 
field distribution on diffusion fluxes in actual machines. 
Owing to the lack of magnetic field symmetry, it is 
often practically impossible to obtain an analytical 
expression for the magnetic surface function at com- 
paratively large distances from the magnetic axis, 

In the method discussed in this paper, particle and 
heat fluxes are calculated by solving, for a known 
magnetic field, a system of ordinary differential equa- 
tions which, together with the equations for the flux 
defining quantities, includes the equations for the 
magnetic field lines and the equations for the distribu- 
tion along these lines of the magnetic surface function 
gradient and the longitudinal equilibrium current. 
Through the use of numerical methods, this system 
makes it possible to calculate diffusion fluxes for 
regions of the magnetic configuration where it would 
be almost impossible to obtain an analytical expression 
for the magnetic surface function. 

Annex 

To obtain a formula for calculating the area of the 
magnetic surface F, we multiply both sides of the 
equality given in expression (2.8) by the longitudinal 
magnetic flux between neighbouring magnetic surfaces 
[I ,  51: 

where 
for a total circuit of the torus. We thus obtain 

is an angular variable which changes by 27r 
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2- (li.V3")SV = - j IV9lGV 
21r A* 

It follows that 

('4.3) j (lv9l - 2 x  d @ / d 9  

Equality (A.3) is a condition for uniqueness of the 
solution of the magnetic differential equation 

(A.4) 

The solution of Eq. (A.4) can be written in the form 

I ('4.5) 
F 

277 d 9  /d\k 
Q = f 3 -  

where f3 is defined by Eq. (2.13) or Eq. (2.19). Since 
Q must be finite, by analogy with expression (2.20) or 
(2.36) we obtain 

where r, - 03. In a torsatron, the co-ordinate cp can 
be used instead of the variable I, and expression (A.6) 
is then transformed into expression (7.2). 

To calculate d9/d\k, we examine the diagram in 
Fig. 3 which shows a portion of the unfolded magnetic 

FIG. 
covei 

- 1  

- 1  

- M  

+ I  

- M + 1  

cp 

3. Diagram of an unfolded portion of the magnetic surface 
Aing one magnetic field period. 

surface covering one magnetic field period. At the sides 
of the unfolded surface are points representing the traces 
of the magnetic field lines; these are numbered according 
to the number of magnetic field periods passed through 
during integration. We use points corresponding to an 
integration interval equal to N periods of the magnetic 
field. The points marked N and M (M < N) are very 
close to the zero point which represents the starting 
point for integration. 

The longitudinal magnetic flux between two infinitely 
close magnetic surfaces can be represented as the sum 
of the magnetic fluxes of separate magnetic tubes, each 
of which is bounded by the field lines shown in the 
diagram. From Fig. 3 we can see that there are two 
types of magnetic tube with different magnetic flux 
values in each. Consequently, the total magnetic flux 
is equal to 

A 9  = M64MN + ( N - M )  64MO ('4.7) 

where 64MN and 
tubes bounded by magnetic field lines which pass 
through the points marked M and N on the right-hand 
side of the unfolded surface and M and 0 on the left- 
hand side of the unfolded surface. If we select a value 
of N high enough so that the points marked M and N 
are fairly close to the point marked 0, the values of 
&jMN and 6dMo can be determined from the following 
expressions: 

are the magnetic fluxes in the 

where d911 v9l is the distance between the magnetic 
surfaces, and % and V\k are taken at the starting point 
for integration, FL. From expressions (A.7)-(A.9) we 
can obtain expression (7.3). 
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