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Abstract: For some of the existing fusion devices with
toroidal magnetic confinement optimizations are planned.
For stellarators where the finite plasma pressure causes a
weak influence on the equilibrium the optimization can be
done in real-space coordinates. In the present work a new
code for optimizing stellarators with fixed coil design is de-
veloped.

Keywords: Optimization, Neoclassical Transport, Magnetic
Field Line Integration, Fusion Plasmas

I. I NTRODUCTION

In the present project a new and fast code for optimizing
existing stellarators, based on the existing code for calcu-
lating neoclassical transport, is presented. The code is able
to deal with realistic vacuum fields and the optimization
can be done without any restrictions to the complexity of
the field.

The simulation could show the amount of possible im-
provement of existing stellarators when modifying the cur-
rents or changing the position and angle of the coils. The
proposed tool can find optimal configurations with re-
spect to neoclassical transport in the long-mean-free-path
regime.

Various codes exist for optimizing fusion devices where
equilibrium codes are necessary (e.g., [1] and [2]). For
some of the stellarators, namely the Uragan-2M (U-2M)
[3], [4] and the TJ-II [5] (on which this work is focused),
the plasma causes only a week influence on the MHD equi-
librium. Therefore, there is no need for running MHD
equilibrium codes like VMEC [6]. This allows to optimize
the total stored energy in a plasma fully in real space (RS)
coordinates.

Improvement of the above mentioned devices can be
done through changes of the coil currents (and/or coil po-
sitions). The total stored energy depends on neoclassical
transport properties (see Sec. II). An important quantity for
the evaluation of the neoclassical transport is the so-called
effective rippleεeff . The effective ripple is computed by
the field line integration technique with the help of a Biot-
Savart code. The obtained results for total stored energy
reflect only 1/ν-transport (which is a very important trans-
port regime in stellarators), but, nevertheless, this quantity
is a main objective for neoclassical optimization studies.

For a wide class of optimization algorithms the compu-
tation of gradients of the target quantity is needed. Here,
the computation of the gradients cannot be done practically
with an appropriate accuracy. As a consequence of this, the
well known Simulated Annealing algorithm has been cho-
sen (see Sec. III).

II. P HYSICS

Neoclassical transport plays an important role in stellara-
tor physics due to its impact on particle confinement prop-

erties. The neoclassical transport theory shows that, com-
pared to the classical transport theory for a magnetic field
with straight field lines, the complication of the field con-
figuration and hence more complex trajectories of particles
in stellarators lead to a considerable increase of transport
coefficients. The effective rippleεeff is a measure for neo-
classical transport across the magnetic flux surfaces. For
good confinementεeff should be small. The effective rip-
ple, which is a function of the effective radius of the flux
surface [7], [8], can be used to compute the total stored en-
ergy in plasma by solving the heat conductivity equation
using a given particle density profile (see A). It is assumed
that the heat source is located at the magnetic axis. The
radial dependence ofεeff can be computed by a field line
tracing code [7] where the magnetic field is directly com-
puted from field coils without transformation to magnetic
coordinates. Additionally, a proper detection of islands and
ergodic zones has to be ensured.

A. Total stored energy in plasma

As fitness parameter for the optimization the total stored
energy in the plasma volume in case of an energy source
which is localized at the magnetic axis is used. Cold ions
are assumed and the ambipolarity condition is used in order
to eliminate the explicit dependency of the radial electric
field in the system.

It is assumed that the temperature profile is defined by
the heat conductivity equation
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wherer is an effective radius anda is the effective ra-
dius of the boundary of the plasma. The energy source
Q(r) is located at the magnetic axis and is written as
Q(r) = (Q0/r)δ(r).
The particle and energy flux across the flux surfaces is pro-
portional toε3/2eff (for the 1/ν regime). The heat conductiv-
ity coefficient is

κ⊥ = Aε
3/2
eff T 7/2,

whereA is a constant which does not change during the
optimization. The quantityκ⊥ is proportional to the tem-
peratureT andε3/2eff and, therefore, computation ofε3/2eff for
sets of computed magnetic surfaces is an essential part of
the optimization procedure.



Integrating the temperature profile one obtains the nor-
malized total stored energy as
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where the normalization factor stays constant during opti-
mization. For computing the total stored energy, the last
closed flux surface has to be detected.

B. Effective radius

The effective radius of a magnetic flux tube is defined
in [7] in differential form, Sdr = dV , whereS is the
area of the magnetic surface andV is the volume enclosed
by the magnetic surface. The computation of this quan-
tity requires the calculation of many magnetic surfaces.
The accuracy is low, if just a few surfaces are used. One
can introduce a different definition of an effective radius
reff = 2V/S, which can be calculated during a single field
line integration. Dividing the volumeV , limited by the
magnetic surface, by the surface areaS, one obtains
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where∇ψ is the vector normal to the flux surface,r is
a radius vector,B the module of the magnetic field and
dl a distance measured along the magnetic field line. The
definition of the effective radius (3) is used in Eq. 2 for the
optimization.

The normal vector∇ψ is computed during the field line
integration. This can be done if its direction is known at
the beginning of the integration (see [9]). The direction of
∇ψ is always given at thez = 0 in theϕ = 0 plane due
to symmetry properties of the magnetic flux surface of this
point.

For configurations like the TJ-II “standard” configura-
tion the effective radius (3) is close to the same quantity
defined in [7], since the shape of the cross-sections of mag-
netic surfaces changes only little with radius (see Fig. 1).

In Eq. 2 the integration variable is the effective radius
of the flux surfaces. Due to this it is necessary to detect
islands and “bad” flux surfaces (see Sec. C).

C. Detection of islands and “bad” field lines

A magnetic flux tube which closes itself after several
toroidal turns exhibits on a cross section an island structure
(see Fig. 2) and is, therefore, called magnetic island, while
a “good” magnetic flux tube (enclosed by the magnetic sur-
face) is closed after one turn. Magnetic islands correspond
to field lines where the rotational transformι- is a rational
number. The rotational transformι- is defined as the aver-
age slope of the magnetic field line forming a flux surface.
The effective radius of nested magnetic surfaces increases
from the magnetic axis towards the plasma boundary. The
radius of a magnetic island is very small compared to the
radius of neighboring magnetic surfaces, see Fig. 3. In
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Figure 1. The effective radius calculated as proposed in [7] (red) com-
pared to the effective radius as proposed in Eq. 3 (blue) with the field line
integration for the TJ-II “standard” configuration.

Fig. 3 the island appears atRbeg = 1.647m. The com-
puted effective radius of the island isreff = 0.0019m,
which is considerably smaller than the effective radius of
the neighboring good surfaces with an effective radius of
about0.11m and0.13m. This island appears close to the
last closed surface in Fig. 5.

The detection of magnetic islands is done in theϕ = 0
plane because, there,Rbeg is known (see Sec. B). For this
purpose the angleα between the vectorsP and∇Ψ is used
(see Fig. 2). The vectorP points from the magnetic axis
MA to a pointP on the magnetic surface. The magnetic
axis is the innermost (degenerated) magnetic surface with
r = 0. For a “good” magnetic surfacecosα is negative for
all points on the surface. If the magnetic axis is not located
inside the flux tube, like for magnetic islands, the numbers
of positive and negative values forcosα are close to each
other.
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Figure 2. Island detection: Here a “good” flux surface and an island cor-
responding toι- = 1/4 is shown.MA . . . magnetic axis,S . . . magnetic
surface.

The magnetic axis is found by fitting the effective radius
reff vs. the starting valueRbeg for the field line integration
(see Fig. 3). For the magnetic axisreff is zero. For fit-
ting reff(Rbeg) only the nested flux surfaces can be used,
therefore, islands have to be excluded.

The normal vector∇Ψ is sensitive to islands close to a
magnetic surface. For this flux surface∇Ψ shows a char-
acteristic convexity. This is shown in Fig. 4.
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Figure 3. Finding the magnetic axis for the “standard” configuration
of the TJ-II in theϕ = 0 plane. The point atRbeg = 1.647m with
reff = 0.0019m belongs to an island and is not used for finding the
magnetic axis. Negative values ofreff result from a inward directed∇Ψ
at the beginning of the field line integration.
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Figure 4. Flux surfaces (red) and the corresponding∇Ψ (blue) for an
island chain (1) and two flux surfaces (2,3).

Field lines which belong to a stochastic zone do not form
a magnetic surface. For such field lines the module of∇Ψ
increases continuously. This behavior can be explained by
the fact that, in this case, the functionΨ (as well as∇Ψ)
is not a single valued function of the position. Therefore,
these field lines can be easily marked as “bad” field lines.

III. O PTIMIZATION

The proper computation of the physical target quantity
is a key feature of the optimization code designed for im-
proving existing helical devices through (minor) changes
in coil currents (and/or coil positions) [8],[10]. The opti-
mizer uses the Simulated Annealing algorithm, which is a
stochastic method for optimization. Simulated Annealing
(SA), first presented by Kirkpatrik et al. [11], simulates in
principle the annealing process of solid state matter. It is
used for solving combinatorial optimization problems and
has been proven to be a good technique for a lot of appli-
cations [12], [13]. This method uses stochastic processes
to “scan” the parameter space and selects “test configu-
rations”. From each test configuration a fitness parame-
ter (hereE = −Ŵ ) is calculated. Comparing the fitness
parameters according to the simulated annealing process
gives the desired solution.

Like the physical process, the algorithm behaves “non-
greedy” during the cooling process and gets “greedy”
when the artificial temperatureT is zero. If the algorithm
tends to get stuck in a local minimum it has a good chance
to get out of it by itself. This features will be clarified in
the following explanation of SA.

A. Theory and algorithm of Simulated Annealing

The major elements of the algorithm are (like for the
physical process):

1) Choice of a proper starting temperatureTa and start-
ing configurationCa.

2) For a constant temperatureT a thermodynamical
equilibrium has to be reached.

3) Cooling: decrement of the temperature.
4) Stopping if the temperatureTe is low enough.

This scheme has a few parameters, which have to be
adapted for each problem separately. Mostly these parame-
ters cannot be calculated analytically and have to be found
during test runs. For optimizing stellarators this procedure
is not practicable because the computational time for com-
puting the energy of one configuration is rather high (up
to two hours on a PC cluster for parallelized computation;
for parallelization see Sec. B) compared to the computa-
tional time of classical problems like the traveling sales-
man problem (up to seconds). Due to this fact it is desir-
able to “transform” sensitive parameters to less sensitive
parameters and let the algorithm adjust some parameters
itself [14]. In the following the theory and the algorithm
are explained shortly.

We start at point 2 - reaching a thermodynamical equi-
librium at a constant temperature. This means that the path
through the configuration space has to be long enough. For
making the path, a rule is needed, which proposes from a
configurationC a neighboring configurationC ′. For pro-
gram stellopt-RS-SA one of the parameters on which the
configurations depend is chosen randomly. For this param-
eter a new value is, again, chosen randomly. Then the en-
ergyE(C ′) is computed and compared toE(C). Accept-
ing and rejecting configurations as it is done in the well
known Metropolis algorithm gives the desired equilibrium
distribution in the configuration space. This leads to the
algorithm:

1) Choice of a starting configurationCa and computa-
tion of the energyE(Ca).

2) Creating a configurationC ′ out ofC using a proper
rule and computation of the energyE(C ′); let η =
(E(C ′) − E(C))/T , with the artificial and proper
scaled temperatureT (to absorb the Boltzmann-
constantkB).

3) If η ≤ 0 acceptC ′ as new configuration:C ′ → C
and go on at step 2 or stop if the path is long enough
for the temperatureT .

4) If η > 0 choose a random numberr, distributed
equally in0 ≤ r < 1. If r < exp(−η), acceptC ′,
C ′ → C, otherwise rejectC ′ and go on with step 2.

From point 3 it can be seen, that a configurationC ′ which
is better than a configurationC is always accepted. In point
4 of the algorithm, one can see that a configurationC ′ can
be accepted with a certain probability despite the fact that



C ′ is worse compared toC. This mechanism allows the
algorithm to move away from a local minimum.

For a fixed temperatureT the averages ofE andE2 are
defined as
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Furthermore, the heat capacity

C(T ) :=
d < E >

dT
=
< (δE)2) >

T 2
(4)

is needed. For the length of the path the number of ac-
cessible neighbors is used, which is widely proposed in
literature. The next question is about a proper starting tem-
peratureTa. Integration of the heat capacity (Eq. 4) leads
to

< E > (T )− < E > (∞) ≈ −< (δE)2) > (∞)
T

.

Here< E > (∞) is the energy and< (δE)2) > (∞) is
the variance forT = ∞. In other words,T = ∞ means
that each proposed configuration is accepted.Ta is chosen
in a way, thatE(Ta) is in the range of the variance for
T = ∞. This leads to

< E > (Ta) =< E > (∞)−
√
< (δE)2 > (∞)

and as an estimation for the starting temperature

Ta =
√
< (δE)2 > (∞). (5)

Now a cooling strategy is needed. A widely used empir-
ical rule isTk = Taq

k, with 0 < q < 1 e.g.q = 0.95. This
scheme does not take care of phase transitions, where the
temperature should be lowered carefully.

For a proper cooling strategy, the occupation probability
w(C, T ) for two temperaturesTk andTk+1 should be close
to each other. This can be formulated as

1
1 + δ

<
w(C, Tk)
w(C, Tk+1)

< 1 + δ.

Forw(C, T ) the Boltzmann distribution for equilibrium is
used:

w(C, T ) ∼ exp
(
−E(C)− E(0)

T

)
,

whereE(0) is the energy of the lowest/best value forE.
This leads to the scheme for cooling

Tk+1 =
Tk

1 + Tk

3
√
<(δE)2>

ln (1 + δ)
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whereδ is a control parameter, which is fixed at the begin-
ning. For smallδ values small temperature steps are done
and for bigδ the steps are big. This scheme automatically
reduces the temperature slowly near phase transitions, be-
cause< (δE)2 > is big there. For the stopping criterion is
requested, that< E > (Te) − E0 is small. This is formu-
lated as

< E > (Te)− E(0)
< E > (Ta)− < E > (Te)

< ε,

which leads to the criterion
< (δE)2 > (Te)

Te (< E > (Ta)− < E > (Te))
< ε, (7)

where all quantities at the left hand side can be computed
during the run of SA.

B. Parallelization

The computational time for integrating a sufficient num-
ber of field lines for a magnetic field configuration is very
high. Due to the weak influence of the finite plasma pres-
sure on the equilibrium, there is no need for running MHD
equilibrium codes and magnetic field lines can be com-
puted independently of each other. Therefore, it is possible
to parallelize the computation of magnetic field lines. For
parallelizing the message passing interface (MPI), a very
flexible system, has been chosen. For stellopt-RS-SA a
master/slave model has been implemented. The advantage
of this kind of speeding up computation is, that very high
speed for computing the total stored energy for one con-
figuration is reached on multiprocessor systems or clusters
of computers. This is of advantage if scans of parts of the
phase space are needed.

The scheme for the parallelized computation is as
follows:

MPI INIT()
MPI COMM RANK(myid)
IF (myid .EQ. 0) THEN ! M A S T E R
C1 := SetInitialSolution()
T := WarmingUp()
do

do
C2 := Neighbor(C1)
(E1 = Energy(C1))
MPI Bcast()
MPI Send()
MPI Irecv()
E2 = Energy(C2)
∆ Energy:= E2 - E1
if ∆ Energy< 0 or Accept(∆ Energy, T)

C1 := C2
until Equilibrium()
T := DecrementT()
until Frozen()

ELSE ! S L A V E
MPI Bcast()
MPI Irecv()
Field Line Integration(), Stability()
MPI Send()

END IF

Message Passing Interface MPI
algorithm structure (solver)
problem specific functionality (user implemented)
temperature scheduling (scheduler)

Due to the stochasticity of SA, a proposed configuration
C ′ can be very close to another configurationC. This
might not change the physical properties and the total
stored energy significantly. For further reduction of the
computational time, only discrete values of the coil cur-
rents (and coil positions) are used. This means that a grid
is spanned over the parameter space defined by all variable
quantities. The grid size is chosen in a way, that the total
stored energy in plasma does not change excessively from
one grid point to a neighboring grid point. So the function



will not artificially become too spiky. A proper grid size is
determined by preliminary scans.

If an interesting minimum is found, the optimization is
started in this minimum or close to it with a substantially
refined grid and a reduced allowed parameter space to im-
prove this minimum. Furthermore, all computed configu-
rations are stored in a proper data structure in a database
for restarts of the optimizer. Therefore, it is not necessary
to compute one and the same configuration twice.

IV. R ESULTS

For the first run of the optimization, four currents (the
toroidal coil current,Itor, the helical coil current,Ihel, the
horizontal coil current corresponding to the central coil,
Ihor, and the horizontal coil current corresponding to the
vertical field coils,Ivert) have been varied. For calcula-
tion of the total stored energy two models for the particle
densityn have been applied. For one of these modeln has
been assumed constant, for the other one a parabolic pro-
file n = 1− α ∗ (r/a)2, with α = 0.8, has been assumed.

In Fig. 5 the cross section of theϕ = 0 plane is plotted
for the TJ-II “standard” configuration. Various configura-
tions with an enhanced energy content have been found.
For the “best” configuration the energy content is about
15% enhanced compared to the “standard” configuration.
In Fig. 6 the cross section for the “best” configuration is
shown. Comparing both cross sections an island chain
close to the last closed surface, which is fully inside the
vacuum vessel, can be seen at the plot for the “standard”
configuration (see Fig. 5). For the configuration shown in
Fig. 6 the island chain appears outside the last closed sur-
face. In principle, these islands could be used for an island
divertor.
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Figure 5. Cross section of the TJ-II “standard” configuration.

In Fig. 7 the values for the effective ripple,εeff , for both
configurations are presented. It can be seen that for the
“standard” configuration (green)εeff is bigger than for the
configuration with enhanced total stored energy thus indi-
cating an enhanced transport across the flux surfaces for
the “standard” configuration.
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Figure 6. Cross section of a TJ-II configuration with enhanced total
stored energy.
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red . . . configuration with enhanced total stored energy (see Fig. 6);
green . . . “standard” configuration (see Fig. 5)

In figures 8 - 11 cuts for the total stored energy for both,
the constant particle density profile (red) and the parabolic
particle density profile (green), along the axes of the pa-
rameter space are shown. The “standard” configuration is
marked with a blue cross. The positions of the blue crosses
in figures 8 - 11 indicate that the TJ-II “standard” configu-
ration is a good operation point since small changes of the
coil currents do not strongly affect the energy confinement.

V. SUMMARY

A new tool for optimizing existing stellarators, based on
the technique for evaluating the effective rippleεeff is pre-
sented and has been applied to TJ-II. The magnetic field
computed directly from the coil currents is used for the
computation of the effective ripple. Configurations with
enhanced total stored energy in plasma have been found.
Comparing the “best” found configuration with the “stan-
dard” configuration it can be seen that neoclassical trans-
port across the flux surfaces is reduced.
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