
Paper No. PIIA.18

13TH INTERNATIONAL STELLARATOR WORKSHOP

SELF CONSISTENT RECALCULATION OF MHD EQUILIBRIA FROM VMEC ∗

Seiwald, B.,(1) Leitold, G.,(1) Kernbichler, G.,(1) Kasilov, S.V.(2)

(1) Institut für Theoretische Physik, Technische Universität Graz, Petersgasse 16, A–8010
Graz, Austria
E-mail: seiwald@itp.tu-graz.ac.at
(2) Institute of Plasma Physics, National Science Center “Kharkov Institute of Physics and
Technology”, Ul. Akademicheskaya 1, 61108 Kharkov, Ukraine

Abstract: In MHD equilibrium codes which use a spectral representation of cylindrical coordinates
R =

∑
Rmn(s) cos(mθ − nϕ) andZ =

∑
Zmn(s) sin(mθ − nϕ), the Jacobian is zero at the mag-

netic axis, which causes some convergency problems near the axis. A postprocessing of VMEC output,
in particular smoothing of the Fourier components of the cylindrical coordinates and a consistent recal-
culation of the equilibrium data, is done to get smooth equilibrium data, e.g. smooth Fourier components
of R andZ, near the axis.

1. Introduction
The Variational Moments Equilibrium Code (VMEC [1]) provides data of magnetic field con-
figurations in flux coordinates. However, for different applications one needs input data in a dif-
ferent representation, e.g., the stochastic mapping code [2] uses input data in real space coordi-
nates, or the neoclassical transport code [3] uses input data in Boozer coordinates [4]. Therefore,
the output data of VMEC need to be postprocessed, in particular they have to be transformed to
different coordinate systems. However, such coordinate transformations are sensitive to the ill
behaved VMEC output data near the magnetic axis, in particular to the spectral representation
of the cylindrical coordinatesR =

∑
Rmn(s) cos(mθ− nϕ) andZ =

∑
Zmn(s) sin(mθ− nϕ)

where(s, θ, ϕ) are radial, poloidal and toroidal flux coordinates.

A way to cure this problem is to smooth all Fourier amplitudes ofR andZ using a specially
designed smoothing spline method while enforcing a leading dependence on small values
of the flux surface labels. Any smoothing procedure causes at least a slight variation of
the equilibrium. Therefore, the equilibrium is recalculated in a consistent way based on the
rotational transformι- and smoothed Fourier amplitudes forR andZ.

2. Basics
VMEC solves the MHD equilibrium equations for nested flux surfaces[7]. The geometric coor-
dinatesR andZ are expanded in Fourier series in both a poloidal angle variable and a toroidal
angle variable. The coefficientsRmn andZmn are functions of the normalized toroidal fluxs,
wheres = 0 represents the magnetic axis ands = 1 gives the outermost closed flux surface.
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But there is a well known convergency problem near the magnetic axis which cause ill behaved
Fourier amplitudes of the coordinatesR andZ. This behavior may cause problems in particular
if one needs a transformation from flux surface coordinates which are used in VMEC to other
coordinates. Therefore, it is necessary to postprocess the output of VMEC.

The basic quantitiesRmn and Zmn for reconstructing the equilibrium are splined with a
specially designed smoothing spline (see 3). The recalculation of equilibrium quantities is
shown in 4. These quantities together withι- allow the calculation of the components of the
magnetic field in cylindrical coordinates (see 5) and Boozer coordinates (see 6).

3. Spline
The near axis expansion causes integer powers of

√
s in the coefficientsRmn and Zmn.

Due to this, an ordinary3rd or 5th order spline can not reproduce the function with high
accuracy. In fact, this gives unphysical magnetic fields, e.g. with oscillations around the
magnetic axis (see Fig. 2). Therefore, a test functiont(s) is added to the spline. The
coefficientsRmn and Zmn may contain kinks nears = 0. This problem can be solved
with the use of a smoothing spline. To create a spline with all these properties, one
starts with a usual3rd order splineP (s). Multiplication with a test functiont(s) gives
Sp(s) = t(s)P (s) with t(s) = sm/2 and m = 0, 1, . . ., which is given from the near

axis expansion. Now a smoothing term likeξ
(
P

′′′
(s)

)2
and a least squares approximation
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+χ1 (µ1b1 + ν1c1 + σ1bN + ρ1cN − κ1) + χ2 (µ2b1 + ν2c1 + σ2bN + ρ2cN − κ2)

The last two terms give a complete flexibility in using boundary conditions. It should be noted,
that it is quite difficult to find a proper value for the smoothing parameterξi. If the values forξi
are too large, the equilibrium will be changed too much, and for too small values the smoothing
is not strong enough to obtain a good equilibrium. For comparison of the results, the same
procedure was also done for a5th order spline. It has been seen that the spline reacts more
sensitive to the smoothing parameter and that there has been no improvement of the equilibrium.

4. Recalculation of Equilibrium Quantities
The starting point for recalculating the equilibrium is the Clebsch representation of the magnetic
field B = ∇s×∇ν [1], with ν = ψ′θ−χ′ϕ+λ. Hereψ andχ are the toroidal and the poloidal
flux, respectively, the prime denotes the derivative with respect tos, andλ is the so called stream
function.
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Internally, VMEC computes an additional stream functionλ to optimize, dynamically and at
every radial surface, the convergency rate in Fourier space for the spectral sum

∑
(R2

mn +Z2
mn).

In VMEC however,λ is not fully consistent. For consistent recalculation of this internally
computedλ, one has to ensure(∇ × B) · ∇s = 0. This says that the current-density lines
lie in constants surfaces. This gives a linear elliptic second order differential equation forλ.
This equation is solved using the technique of Fourier transformation. The comparison of a
particular Fourier coefficient forλ from VMEC output and the consistently calculated one is
shown in Fig. 1. With givenλ andB, the poloidal currentJ =

∫
longway Bdl =

∫
Bϕdϕ and the

toroidal currentI =
∫
shortway Bdl =

∫
Bθdθ can be calculated [6]. The radial force balance

givesp′ = (I ′χ′ − J ′Ψ′)/V ′ where the prime denotes the derivative with respect to normalized
toroidal fluxs. Integration gives the pressure profilep(s).

5. B-Field Components in Real Space Coordinates
After transformation to cylindrical coordinates the components of the magnetic field
are BR = [(χ′ − λ,ϕ)R,θ + (ψ′ + λ,θ)R,ϕ]/

√
g, Bϕ = (ψ′ + λ,θ)R/

√
g and

BZ = [(χ′ − λ,ϕ)Z,θ + (ψ′ + λ,θ)Z,ϕ]/
√
g with

√
g = R(R,θZ,s − R,sZ,θ) andχ′(s) = ι-(s)ψ′.

When|B| is computed with the smoothing spline including the test functiont(s) for Rmn and
Zmn and the consistently calculated stream functionλ, |B| is well behaved and smooth, as can
be seen in Fig. 2. If|B| is computed without the test functiont(s) strong oscillation around the
magnetic axis appear.

6. Transformation to Boozer Coordinates
To do the transformation from flux coordinates(s, θ, ϕ) to the Boozer coordinate system [5],
the following relationsθB − ι-ϕB = θ − ι-ϕ + λ and IθB + JϕB = Iθ + Jϕ + ω have to
be solved. The single valuedness of the magnetic fieldB with respect toθ andϕ has to be
taken into account, it is expressed throughθB = θ + θ̃(s, θ, ϕ) andϕB = ϕ + ϕ̃(s, θ, ϕ). θ̃
and ϕ̃ are periodic functions with respect toθ andϕ. Substituting the equation forθB and
ϕB into the first equations in this paragraph, one finds that the functionsθ̃ andϕ̃ are given by
θ̃ = (ι-ω + Jλ)/(J + ι-I) andϕ̃ = (ω− Iλ)/(J + ι-I). These equations provide the prescription
for a transformation from the general magnetic coordinate system(s, θ, ϕ) to the Boozer
coordinate system(s, θB, ϕB).

7. Summary
If a B-field, based on an equilibrium calculated with VMEC, is to be transformed to real
space coordinates, unphysical effects appear around the magnetic axis. To avoid these effects
a specially designed spline is used for splining the coefficientsRmn andZmn. This causes
slight variations of the equilibrium. Therefore, the stream functionλ has to be recalculated
consistently before other quantities like currents, components of theB-field and the pressure
profile may be computed. Further on,R andZ as well as|B| are transformed to Boozer
coordinates. Now a tool is available, which allows a postprocessing of the VMEC output
and provides improved equilibria in three coordinate systems. The code is useful in various
applications where a representation of the magnetic field in real space is desired, such as
ray-tracing or computation of high energy ion orbits with taking Larmor gyration into account.



4

-0.0001

-8e-05

-6e-05

-4e-05

-2e-05

0

2e-05

4e-05

0 0.2 0.4 0.6 0.8 1

λ m
n 

[T
 m

2 ]

s

λmn: m=1, n=-40

original
recalculated

Figure 1: Comparison of a bad mode of
stream functionλ from VMEC output (solid)
with consistent calculatedλ (dashed).
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Figure 2:Comparison of the field calculated
with consistent stream functionλ and splines
for Rmn and Zmn with (solid) and without
(dashed) test functiont(s) for a highβ-field
of W7-AS.
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